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The STAR Collaboration at RHIC has measured two-pion correlation functions from p+p collisions at 200
GeV. Spatial scales are extracted via a femtoscopic analysis of the correlations, though this analysis is compli-
cated by the presence of strong non-femtoscopic effects. Our results are put into the context of the world dataset
of femtoscopy in hadron-hadron collisions. We present the first direct comparison of femtoscopy in p+p and
heavy ion collisions, under identical analysis and detector conditions.

I. INTRODUCTION AND MOTIVATION105

The experimental program of the Relativistic Heavy Ion106

Collider (RHIC) at Brookhaven National Laboratory probes107

Quantum Chromodynamics (QCD) from numerous direc-108

tions. The extraordinary flexibility of the machine permits109

collisions between heavy and light ions at record energies (up110



The STAR Collaboration

to 200 GeV), polarized and unpolarized protons, and strongly111

asymmetric systems such as d+Au. The proton collisions are112

the focus of an intense program exploring the spin structure of113

the nucleon. However, these collisions also serve as a critical114

“baseline” measurement for the heavy ion physics program115

that drove the construction of RHIC.116

Studies of ultrarelativistic heavy ion collisions aim to ex-117

plore the equation of state of strongly interacting matter. The118

highly dynamic nature of the collisions, however, does not119

allow a purely statistical study of static matter as one might120

perform in condensed matter physics, but rather requires a de-121

tailed understanding of the dynamics itself. If a bulk, self-122

interacting system is formed (something that should not be as-123

sumed a priori), the equation of state then plays the dynamic124

role of generating pressure gradients that drive the collective125

expansion of the system. Copious evidence [1–4] indicates126

that a self-interacting system is, in fact, generated in these col-127

lisions. The dynamics of the bulk medium is reflected in the128

transverse momentum (pT ) distribution [5, 6] and momentum-129

space anisotropy (e.g. “elliptic flow”) [7, 8] of identified par-130

ticles in the soft sector– i.e. at low pT . These observables131

are well-described in a hydrodynamic scenario, in which a132

nearly perfect (i.e. very low viscocity) fluid expands explo-133

sively under the action of pressure gradients induced by the134

collision [9].135

Two-particle femtoscopy [10] (often called “HBT” anal-136

ysis) measures the space-time substructure of the emitting137

source at “freeze-out,” the point at which particles decou-138

ple from the system [e.g. 11]. Femtoscopic measuresments139

play a special role in understanding bulk dynamics in heavy140

ion collisions, for several reasons. Firstly, collective flow141

generates characteristic space-momentum patterns at freeze-142

out that are revealed [11] in the momentum-dependence of143

pion “HBT radii” (discussed below), the mass dependence144

of homogeneity lengths [12], and non-identical particle cor-145

relations [13]. Secondly, while a simultaneous description146

of particle-identified pT distributions, elliptic flow and fem-147

toscopic measurements is easily achieved in flow-dominated148

toy models [e.g. 6], achieving the same level of agreement in149

a realistic transport calculation is considerably more challeng-150

ing. In particular, addressing this “HBT puzzle” [14] has led151

to a deeper understanding of the freezeout hypersurface, col-152

lectivity in the initial stage, and the equation of state. Fem-153

toscopic signals of long dynamical timescales expected for154

a system undergoing a first-order phase transition [15, 16],155

have not been observed [11], providing early evidence that156

the system at RHIC evolves from QGP to hadron gas via a157

crossover [17]. This sensitive and unique connection to im-158

portant underlying physics has motivated a huge systematics159

of femtoscopic measurements in heavy ion collisions over the160

past quarter century [11].161

HBT correlations from hadron (e.g. p+ p ) and lepton (e.g.162

e+ + e− ) collisions have been extensively studied in the high163

energy physics community, as well [18–20], although the the-164

oretical interpretation of the results is less clear and well de-165

veloped. Until now, it has been impossible to quantitatively166

compare femtoscopic results from hadron-hadron collisions167

to those from heavy ion collisions, due to divergent and often168

undocumented analysis techniques, detector acceptances and169

fitting functions historically used in the high energy commu-170

nity [20].171

In this paper, we exploit the unique opportunity offered by172

the STAR/RHIC experiment, to make the first direct com-173

parison and quantitative connection between femtoscopy in174

proton-proton and heavy ion collisions. Systematic compli-175

cations in comparing these collisions are greatly reduced by176

using identical detector and reconstruction system, collision177

energies, and analysis techniques (e.g. event mixing [21],178

see below). We observe and discuss the importance of non-179

femtoscopic correlations in the analysis of small systems, and180

put our femtoscopic results for p+ p collisions into the con-181

text both of heavy ion collisions and (as much as possible) into182

the context of previous high-energy measurements on hadron-183

hadron and e− e collisions. We hope that our results may184

eventually lead to a deeper understanding of the physics be-185

hind the space-momentum correlations in these collisions, in186

the same way that comparison of p+ p and heavy ion colli-187

sion results in the high-pT sector is crucial for understanding188

the physics of partonic energy loss [1–4, 22]. Our direct com-189

parison also serves as a model and baseline for similar com-190

parisons soon to be possible at higher energies at the Large191

Hadron Collider.192

The paper is organized as follows. In Section II, we discuss193

the construction of the correlation function and the forms used194

to parameterize it. Section III discusses details of the analy-195

sis, and the results are presented in Section IV. In Section V,196

we put these results in the context of previous measurements197

in Au+Au and elementary particle collisions. We discuss the198

similarity between the systematics of HBT radii in heavy ion199

and particle collisions in Section VI and summarize in Sec-200

tion VII.201

II. TWO-PARTICLE CORRELATION FUNCTION202

The two-particle correlation function is generally defined203

as the ratio of the probability of the simultaneous meaurement204

of measuring two particles with momenta p1 and p2, to the205

product of single particle probabilities,206

C(~p1,~p2)≡
P(~p1,~p2)

P(~p1)P(~p2)
. (1)

In practice, one usually studies the quantity207

C~P (~q) =
A~P (~q)
B~P (~q)

, (2)

where ~q ≡ ~p1 − ~p2. A(~q) is the distribution of the pairs from208

the same event, and B(~q) is the reference (or “background”)209

distribution. B contains all single-particle effects, including210

detector acceptance and efficiency, and is usually calculated211

with an event-mixing technique [11, 21]. The explicit label212

~P (≡ ~p1 + ~p2) emphasizes that separate correlation functions213

are constructed and fitted (see below) as a function of ~q, for214

different selections of the total momentum ~P; following con-215

vention, we drop the explicit subscript below. Sometimes the216
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measured ratio is normalized to unity at large values of |~q|; we217

include the normalization in the fit.218

In older or statistics-challenged experiments, the cor-219

relation function is sometimes constructed in the one-220

dimensional quantity Qinv ≡
√

(~p1− ~p2)
2− (E1−E2)

2 or221

two-dimensional variants (see below). More commonly in222

recent experiments, it is constructed in three dimensions in223

the so-called the Pratt-Bertsch “out-side-long” coordinate sys-224

tem [23, 24]. In this system, the “out” direction is that of the225

pair transverse momentum, the “long” direction is parallel to226

the beam, and the “side” direction is orthogonal to these two.227

We will use the subscripts “o,” “l” and “s” to indicate quanti-228

ties in these directions.229

It has been suggested [25–27] to construct the three-230

dimensional correlation function using spherical coordinates231

qo = |~q|sinθcosφ, qs = |~q|sinθsinφ, ql = |~q|cosθ.
(3)

This aids in making a direct comparison to the spatial sepa-232

ration distribution through imaging techniques and provides233

an efficient way to visualize the full three-dimensional struc-234

ture of C (~q). The more traditional “Cartesian projections”235

in the “o,” “s,” and “l” directions integrate over most of the236

three-dimensional structure, especially at large relative mo-237

mentum [11, 27].238

Below, we will present data in the form of the spherical239

harmonic decomposition coefficients, which depend explicitly240

on |~q| as241

Al,m (|~q|)≡ 1√
4π

Z
dφd(cosθ)C (|~q|,θ,φ)Yl,m (θ,φ) . (4)

The coefficient A00 (|~q|) represents the overall angle-242

integrated strength of the correlation. A20 (|~q|) and A22 (|~q|)243

are the quadrupole moments of C at a particular value of |~q|. In244

particular, A22 quantifies the second-order oscillation around245

the “long” direction; in the simplest HBT analysis, this term246

reflects non-identical values of the Ro and Rs HBT radii (c.f.247

below). Coefficients with odd l represent a dipole moment248

of the correlation function and correspond to a “shift” in the249

average position of the first particle in a pair, relative to the250

second [25–27]. In the present case of identical particles, the251

labels “first” and “second” become meaningless, and odd-l252

terms vanish by symmetry. Likewise, for the present case,253

odd-m terms, and all imaginary components vanish as well.254

See Appendix B of [27] for a full discussion of symmetries.255

In heavy ion collisions, it is usually assumed that all of the256

correlations between identical pions at low relative momen-257

tum are due to femtoscopic effects, i.e. quantum statistics and258

final-state interactions [11]. At large |~q|, femtoscopic effects259

vanish [e.g. 11]. Thus, in the absence of other correlations,260

C (~q) must approach a constant value independent of the mag-261

nitude and direction of ~q; equivalently, Al,m (|~q|) must vanish262

at large |~q| for l 6= 0.263

However, in elementary particle collisions additional struc-264

ture at large relative momentum (|~q| & 400 MeV/c) has been265

observed [e.g. 20, 28–32]. Usually this structure is parameter-266

ized in terms of a function Ω(~q) that contributes in addition to267

the femtoscopic component CF (~q). Explicitly including the268

normalization parameter N , then, we will fit our measured269

correlation functions with the form270

C (~q) = N ·CF (~q) ·Ω(~q) . (5)

Below, we discuss separately various parameterizations of the271

femtoscopic and non-femtoscopic components, which we use272

in order to connect with previous measurements. A historical273

discussion of these forms may be found in [20].274

A. Femtoscopic correlations275

Femtoscopic correlations between identical pions are dom-276

inated by Bose-Einstein symmetrization and Coulomb final277

state effects in the two-pion wavefunction [11].278

In all parameterizations, the overall strength of the femto-279

scopic correlation is characterized by a parameter λ [11]. His-280

torically misnamed the “chaoticity” parameter, it generally ac-281

counts for particle identification efficiency, long-lived decays,282

and long-range tails in the separation distribution.283

In the simplest case, the Bose-Einstein correlations are of-284

ten parameterized by a Gaussian,285

CF(Qinv) = 1+λe−Q2
invR2

inv , (6)

where Rinv is a one dimensional “HBT radius.”286

Kopylov and Podgoretskii [33] introduced an alternative,287

two-dimensional parameterization288

CF(qT ,q0) = 1+λ

[
2J1 (qT RB)

qT RB

]2 (
1+q2

0τ
2)−1

, (7)

where qT is the component of ~q orthogonal to ~P, q0 = E1 −289

E2, RB and τ are the size and decay constants of a spherical290

emitting source, and J1 is the first order Bessel function. This291

is similar to another common historical parameterization [e.g.292

34] characterizing the source with a spatial and temporal scale293

CF(q,q0) = 1+λe−q2
T R2

G−q2
0τ2

. (8)

Simple numerical studies show that RG from Eq. 8 is ap-294

proximately half as large as RB obtained from Eq. 7 [20, 34,295

35].296

With sufficient statistics, a three-dimensional correlation297

function may be measured. We calculate the relative mo-298

mentum in the longitudinally co-moving system (LCMS), in299

which the total longitudinal momentum of the pair, pl,1 + pl,2,300

vanishes. For heavy ion and hadron-hadron collisions, this301

“longitudinal” direction l̂ is taken to be the beam axis [11];302

for e+ + e− collisions, the thrust axis is used.303

For a Gaussian emission source, femtoscopic correlations304

due only to Bose-Einstein symmetrization are given by [e.g.305

11]306

CF(qo,qs,ql) = 1+λe−q2
oR2

o−q2
s R2

s−q2
l R2

l , (9)

where Ro, Rs and Rl are the spatial scales of the source.307

While older papers sometimes ignored the Coulomb final-308

state interaction between the charged pions [20], it is usually309
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included by using the Bowler-Sinyukov [36, 37] functional310

form311

CF(Qinv) = (1−λ)+λKcoul (Qinv)
(

1+ e−Q2
invR2

inv

)
, (10)

and in 3D,312

CF(qo,qs,ql) = (1−λ)+λKcoul (Qinv)

×
(

1+ e−q2
oR2

o−q2
s R2

s−q2
l R2

l

)
. (11)

Here, Kcoul is the squared Coulomb wavefunction integrated313

over the source emission points.314

B. Non-femtoscopic correlations315

In the absence of non-femtoscopic effects, one of the forms316

for CF (~q) from Section II A is fitted to the measured corre-317

lation function; i.e. Ω = 1 in Equation 5. Such a “standard318

fit” works well in the high-multiplicity environment of heavy319

ion collisions [11]. In hadron-hadron or e+e collisions, how-320

ever, it does not describe the measured correlation function321

well, especially as |q| increases. Most authors attribute the322

non-femtoscopic structure to momentum conservation effects323

in these small systems. While this large-|q| behavior is some-324

times simply ignored, it is usually included in the fit either325

through ad-hoc [29] or physically-motivated [27] terms.326

In this paper, we will use three selected parameterizations327

of the non-femtoscopic correlations and study their effects on328

the femtoscopic parameters obtained from the fit to experi-329

mental correlation functions. The first formula assumes that330

the non-femtoscopic contribution can be parameterized by a331

first-order polynomial in~q-components (used e.g. in [38–42]).332

Respectively, the one- and three-dimensional forms used in333

the literature are334

Ω(q) = 1+δq (12)

and335

Ω(~q) = Ω(qo,qs,ql) = 1+δoqo +δsqs +δlql . (13)

For simplicity, we will use the name “δ−q fit” when the above336

formula was used in the fitting procedure.337

Another form [43] assumes that non-femtoscopic correla-338

tions contribute |~q|-independent values to the l = 2 moments339

in Equation 4. In terms of the fitting parameters ζ and β,340

Ω(|~q|,cosθ,φ) = Ω(cosθ,φ) =
1+2

√
π(βY2,0 (cosθ,φ)+2ζRe [Y2,2 (cosθ,φ)]) =

1+β

√
5
4
(3cos2

θ−1)+ζ

√
15
2

sin2
θcos2φ. (14)

For simplicity, fits using this form for the non-femtoscopic341

effects will be referred to as “ζ−β fits.”342

These two forms (as well as others that can be found in343

literature [20]) are purely empirical, motivated essentially by344

the shape of the observed correlation function itself. While345

most authors attribute these effects primarily to momentum346

conservation in these low-multiplicity systems, the parame-347

ters and functional forms themselves cannot be directly con-348

nected to this or any physical mechanism. One may iden-349

tify two dangers of using an ad-hoc form to quantify non-350

femtoscopic contributions to C (~q). Firstly, while they de-351

scribe (by construction) the correlation function well at large352

|~q|, for which femtoscopic contributions vanish, there is no353

way to constrain their behaviour at low |~q| where both femto-354

scopic and (presumably) non-femtoscopic correlations exist.355

Even simple effects like momentum conservation give rise to356

non-femtoscopic correlations that vary non-trivially even at357

low |~q|. Misrepresenting the non-femtoscopic contribution358

in Ω(~q) can therefore distort the femtoscopic radius param-359

eters in CF (~q). Secondly, there is no way to estimate whether360

the best-fit parameter values in an ad-hoc functional form are361

“reasonable,” given the physics they are intended to parame-362

terize.363

If the non-femtoscopic correlations are in fact dominated by364

energy and momentum conservation, as is usually supposed,365

one may derive an analytic functional form for Ω. In partic-366

ular, the multiparticle phase space constraints for a system of367

N particles project onto the two-particle space as [27]368

Ω(p1, p2) =1−M1 · {~p1,T ·~p2,T}−M2 · {p1,z · p2,z} (15)

−M3 · {E1 ·E2}+M4 · {E1 +E2}−
M2

4
M3

,

where369

M1 ≡
2

N〈p2
T 〉

, M2 ≡
1

N〈p2
z 〉

M3 ≡
1

N (〈E2〉−〈E〉2)
, M4 ≡

〈E〉
N (〈E2〉−〈E〉2)

. (16)

The notation {X} in Equation 15 is used to indicate that X370

is a two-particle quantity which depends on p1 and p2 (or ~q,371

etc). In practice, this means generating histograms in addition372

to A(~q) and B(~q) (c.f. Equation 2) as one loops over pairs in373

the data analysis. For example374

{~p1,T ·~p2,T}(~q) =
∑i, j ~pi,T ·~p j,T

B(~q)
, (17)

where the sum in the numerator runs over all pairs in all375

events.376

In Equation 15, the four fit parameters Mi are directly re-377

lated to five physical quantities, (N - the number of particles,378

〈p2
T 〉, 〈p2

z 〉, 〈E2〉, 〈E〉) through Eq. 16. Assuming that379

〈E2〉 ≈ 〈p2
T 〉+ 〈p2

z 〉+m2
∗, (18)

where m∗ is the mass of a typical particle in the system (for380

our pion-dominated system, m∗ ≈mπ), then one may solve for381

the physical parameters. For example,382

N ≈
M−1

1 +M−1
2 −M−1

3(
M4
M3

)2
−m2

∗

. (19)
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Since we cannot know exactly the values of 〈E2〉 etc, that383

characterize the underlying distribution in these collisions, we384

treat the Mi as free parameters in our fits, and then consider385

whether their values are mutually compatible and physical.386

For a more complete discussion, see [27, 44].387

In [27], the correlations leading to Equation 15 were called388

“EMCICs” (short for Energy and Momentum Conservation-389

Induced Correlations); we will refer to fits using this function390

with this acronym, in our figures.391

C. Parameter counting392

As mentioned, we will be employing a number of different393

fitting functions, each of which contains several parameters.394

It is appropriate at this point to breifly take stock.395

In essentially all modern HBT analyses, on the order of396

5-6 parameters quantify the femtoscopic correlations. For397

the common Gaussian fit (equation 11), one has three “HBT398

radii,” the chaoticity parameter, and the normalization N .399

Recent “imaging” fits approximate the two-particle emission400

zone as a sum of spline functions, the weights of which are the401

parameters [45]; the number of splines (hence weights) used402

is ∼ 5. Other fits (e.g. double Gaussian, exponential-plus-403

Gaussian) [18, 46] contain a similar number of femtoscopic404

parameters. In all cases, a distinct set of parameters is ex-405

tracted for each selection of ~P (c.f. equation 2 and surrounding406

discussion).407

Accounting for the non-femtoscopic correlations inevitably408

increases the total number of fit parameters. The “ζ−β” func-409

tional form (eq. 14) involves two parameters, the “δ−q” form410

(eq. 13) three, and the EMCIC form (eq. 15) four. However,411

it is important to keep in mind that using the ζ− β (δ− q)412

form means 2 (3) additional parameters for each selection of413

~P when forming the correlation functions. On the other hand,414

the four EMCICs parameters cannot depend on ~P. Therefore,415

when fitting C~P (~q) for four selections of ~P, use of the ζ−β,416

δ−q and EMCIC forms increases the total number of param-417

eters by 8, 12 and 4, respectively.418

III. ANALYSIS DETAILS419

As mentioned in Section I, there is significant advantage420

in analyzing p+ p collisions in the same way that heavy ion421

collisions are analyzed. Therefore, the results discussed in this422

paper are produced with the same techniques and acceptance423

cuts as have been used for previous pion femtoscopy studies424

by STAR [47–50]. Here we discuss some of the main points;425

full systematic studies of cuts and techniques can be found426

in [49].427

The primary sub-detector used in this analysis to recon-428

struct particles is the Time Projection Chamber (TPC) [51].429

Pions could be identified up to a momentum of 800 MeV/c by430

correlating their the momentum and specific ionization loss431

(dE/dx) in the TPC gas. A particle was considered to be a432

pion if its dE/dx value for a given momentum was within two433

sigma of the Bethe-Bloch expectation for a pion, and more434

than two sigma from the expectations for electrons, kaons and435

protons. The small contamination due to electrons and kaons436

impacts mostly the value of λ obtained from the fit while it437

was only a 1% effect of the femtoscopic radii. The lower438

momentum cut of 120 MeV/c is imposed by the TPC ac-439

ceptance and the magnetic field. Only tracks at midrapidity440

(|y|< 0.5) were included in the femtoscopic analysis. Events441

were selected for analysis if the primary collision vertex was442

within 30 cm of the center of the TPC. The further require-443

ment that events include at least two like-sign pions increases444

the average charged particle multiplicity with pseudorapidity445

|η| < 0.5 from 3.0 (without the requirement) to 4.25. Since446

particle pairs enter into the correlation function, the effective447

average multiplicity is higher; in particular, the pair-weighted448

charged-particle multiplicity at midrapidity is about 6.0. Af-449

ter event cuts, about 5 million minimum bias events from450

p+ p collisions at
√

s=200 GeV were used.451

Two-track effects, such as splitting (one particle recon-452

structed as two tracks) and merging (two particles recon-453

structed as one track) were treated identically as has been done454

in STAR analyses of Au+Au collisions [49]. Both effects can455

affect the shape of C (~q) at very low |~q| . 20 MeV/c, regard-456

less of the colliding system. However, their effect on the ex-457

tracted sizes in p+ p collisions turns out to be smaller than458

statistical errors, due to the fact that small (∼ 1 fm) sources459

lead to large (∼ 200 MeV/c) femtoscopic structures in the cor-460

relation function.461

The analysis presented in this paper was done for four bins462

in average transverse momentum kT (≡ 1
2 |(~pT,1 +~pT,2) |):463

150-250, 250-350, 350-450 and 450-600 MeV/c. The sys-464

tematic errors due to the fit range, particle mis-identification,465

two-track effects and the Coulomb radius (used to calculate466

Kcoul in Eqs. 10 and 11) are estimated to be about 10%, simi-467

lar to previous studies [49].468

IV. RESULTS469

In this section, we present the correlation functions and470

fits to them, using the various functional forms discussed in471

Section II. The mT and multiplicity dependence of femto-472

scopic radii from these fits are compared here, and put into473

the broader context of data from heavy ion and particle colli-474

sions in the next section.475

Figure 1 shows the two-pion correlation function for476

minimum-bias p+ p collisions for 0.35 < kT < 0.45 GeV/c.477

The three-dimensional data is represented with the traditional478

one-dimensional Cartesian projections [11]. For the projec-479

tion on qo, integration in qs and ql was done over the range480

[0.00,0.12] GeV/c. As discussed in Section II and in more481

detail in [27], the full structure of the correlation function is482

best seen in the spherical harmonic decomposition, shown in483

Figures 2-5.484

In what follows, we discuss systematics of fits to the cor-485

relation function, with particular attention to the femtoscopic486

parameters. It is important to keep in mind that the fits are487

performed on the full three-dimensional correlation function488

C (~q). The choice to plot the data and fits as spherical har-489

monic coefficients Alm or as Cartesian projections along the490

“out,” “side” and “long” directions is based on the determi-491
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nation to present results in the traditional format (projections)492

or in a representation more sensitive to the three-dimensional493

structure of the data [27]. In particular, the data and fits shown494

in Figure 1, for kT =0.35-0.45 GeV/c, are the same as those495

shown in Figure 4.496
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FIG. 1: (Color online) Cartesian projections of the 3D correlation
function from p+ p collisions at

√
s=200 GeV for kT = [0.35,0.45]

GeV/c (blue triangles). Femtoscopic effects are parameterized with
the form in Eq. 11; different curves represent various parameteriza-
tions of non-femtoscopic correlations used in the fit and described in
detail in Sec. II B.

A. Transverse mass dependence of 3D femtoscopic radii497

Femtoscopic scales from three-dimensional correlation498

functions are usually extracted by fitting to the functional form499

given in Equation 11. In order to make connection to previous500

measurements, we employ the same form and vary the treat-501

ment of non-femtoscopic effects as discussed in Section II B.502

The fits are shown as curves in Figures 1-5; the slightly fluctu-503

ating structure observable in the sensitive spherical harmonic504

representation in Figures 2-5 results from finite-binning ef-505

fects in plotting [52].506

Dashed green curves in Figures 1-5 represent the “standard507

fit,” in which non-femtoscopic correlations are neglected al-508

together (Ω = 1). Black dotted and purple dashed curves, re-509

spectively, indicate “δ−q” (Equation 13) and “ζ−β” (Equa-510

tion 14) forms. Red curves represent fits in which the non-511

femtoscopic contributions follow the EMCIC (Equation 15)512

form. None of the functional forms perfectly fits the ex-513
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FIG. 2: (Color online) The first three non-vanishing moments of the
spherical harmonic decomposition of the correlation function from
p+ p collisions at

√
s=200 GeV, for kT = [0.15,0.25] GeV/c. Fem-

toscopic effects are parameterized with the form in Eq. 11; different
curves represent various parameterizations of non-femtoscopic cor-
relations used in the fit and described in detail in Sec. II B.
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FIG. 3: (Color online) As for Fig. 2, but for kT = [0.25,0.35] GeV/c.

perimental correlation function, though the non-femtoscopic514

structure is semi-quantitatively reproduced by the ad-hoc δ−q515

and ζ − β fits (by construction) and the EMCIC fit (non-516

trivially). Rather than invent yet another ad-hoc functional517

form to better fit the data, we will consider the radii produced518

by all of these forms.519

The fit parameters for these four fits, for each of the four520

kT bins, are given in Tables I-IV. Considering first the non-521

femtoscopic correlations, we observe that the ad-hoc fit pa-522

rameters δO,S,L and ζ and β in Tables III and II are different523

for each kT bin. Due to their physical meaning, the EMCIC524

parameters M1−4 are fixed for all kT values, as indicated in525

Table IV. Setting the characteristic particle mass to that of the526

pion and using Equations 16, 18 and 19, the non-femtoscopic527

parameters listed in Table IV correspond to the following val-528
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kT [GeV/c] Ro [fm] Rs [fm] Rl [fm] λ

[0.15,0.25] 0.84±0.02 0.89±0.01 1.53±0.02 0.422±0.004
[0.25,0.35] 0.81±0.02 0.88±0.01 1.45±0.02 0.422±0.005
[0.35,0.45] 0.71±0.02 0.82±0.02 1.31±0.02 0.433±0.007
[0.45,0.60] 0.68±0.02 0.68±0.01 1.05±0.02 0.515±0.009

TABLE I: Fit results from a fit to data from p+ p collisions at
√

s= 200 GeV using Eq. 11 to parameterize the femtoscopic correlations
(“standard fit”).

kT [GeV/c] Ro [fm] Rs [fm] Rl [fm] λ δo δs δl

[0.15,0.25] 1.30±0.03 1.05±0.03 1.92±0.05 0.295±0.004 0.0027±0.0026 −0.1673±0.0052 −0.2327±0.0078
[0.25,0.35] 1.21±0.03 1.05±0.03 1.67±0.05 0.381±0.005 0.0201±0.0054 −0.1422±0.0051 −0.2949±0.0081
[0.35,0.45] 1.10±0.03 0.94±0.03 1.37±0.05 0.433±0.007 0.0457±0.0059 −0.0902±0.0053 −0.2273±0.0090
[0.45,0.60] 0.93±0.03 0.82±0.03 1.17±0.05 0.480±0.009 0.0404±0.0085 −0.0476±0.0093 −0.1469±0.0104

TABLE II: Fit results from a fit to data from p+ p collisions at
√

s= 200 GeV using Eq. 11 to parameterize the femtoscopic correlations and
Eq. 13 for non-femtoscopic ones (“δ−q fit”).
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FIG. 4: (Color online) As for Fig. 2, but for kT = [0.35,0.45] GeV/c.

ues characteristic of the emitting system:529

N = 14.3±4.7

〈p2
T 〉= 0.17±0.06 (GeV/c)2

〈p2
z 〉= 0.32±0.13 (GeV/c)2

〈E2〉= 0.51±0.11 GeV2

〈E〉= 0.68±0.08 GeV.

These values are rather reasonable [44].530

HBT radii from the different fits are plotted as a function531

of transverse mass in Figure 6. The treatment of the non-532

femtoscopic correlations significantly affects the magnitude533

of the femtoscopic length scales extracted from the fit, espe-534

cially in the “out” and “long” directions, for which variations535

up to 50% in magnitude are observed. The dependence of536

the radii on mT ≡
√

k2
T +m2 is quite similar in all cases. We537

discuss this dependence further in Section V.538
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FIG. 5: (Color online) As for Fig. 2, but for kT = [0.45,0.60] GeV/c.

B. Transverse mass and multiplicity dependence of 1D539

femtoscopic radii540

Since three-dimensional correlation functions encode more541

information about the homogeneity region than do one-542

dimensional correlation functions, they are also more statis-543

tics hungry. Therefore, most previous particle physics experi-544

ments have constructed and analyzed the latter. For the sake of545

making the connection between our results and existing world546

systematics, we perform similar analyses as those found in the547

literature.548

The first important connection to make is for the mT -549

dependence of HBT radii from minimum-bias p+ p colli-550

sions. We extract the one-dimensional HBT radius Rinv as-551

sociated with the femtoscopic form in Equation 10, using552

three forms for the non-femtoscopic terms. For four selec-553

tions in kT , table V lists the fit parameters for the “stan-554

dard” fit that neglects non-femtoscopic correlations altogether555
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kT [GeV/c] Ro [fm] Rs [fm] Rl [fm] λ ζ β

[0.15,0.25] 1.24±0.04 0.92±0.03 1.71±0.04 0.392±0.008 0.0169±0.0021 −0.0113±0.0019
[0.25,0.35] 1.14±0.05 0.89±0.04 1.37±0.08 0.378±0.006 0.0193±0.0034 −0.0284±0.0031
[0.35,0.45] 1.02±0.04 0.81±0.05 1.20±0.07 0.434±0.008 0.0178±0.0029 −0.0289±0.0032
[0.45,0.60] 0.89±0.04 0.71±0.05 1.09±0.06 0.492±0.009 0.0114±0.0023 −0.0301±0.0041

TABLE III: Fit results from a fit to data from p+ p collisions at
√

s= 200 GeV using Eq. 11 to parameterize the femtoscopic correlations and
Eq. 14 for non-femtoscopic ones (“ζ−β fit”).

kT [GeV/c] Ro [fm] Rs [fm] Rl [fm] λ M1 (GeV/c)−2 M2 (GeV/c)−2 M3 GeV−2 M4 GeV−1

[0.15,0.25] 1.06±0.03 1.00±0.04 1.38±0.05 0.665±0.000

0.43±0.07 0.22±0.06 1.51±0.12 1.02±0.09[0.25,0.35] 0.96±0.02 0.95±0.03 1.21±0.03 0.588±0.006
[0.35,0.45] 0.89±0.02 0.88±0.02 1.08±0.04 0.579±0.009
[0.45,0.60] 0.78±0.04 0.79±0.02 0.94±0.03 0.671±0.028

TABLE IV: Fit results from a fit to data from p+ p collisions at
√

s= 200 GeV using Eq. 11 to parameterize the femtoscopic correlations and
Eq. 15 for non-femtoscopic ones (“EMCIC fit”).
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FIG. 6: (Color online) The mT -dependence of the 3D femtoscopic
radii in p+ p collisions at

√
s=200 GeV for different parameteriza-

tions of the non-femtoscopic correlations. See text for more details.
Data have been shifted slightly in the abscissa, for clarity.

(Ω = 1). Tables VI and VII list results when using the 1-556

dimensional δ− q form (Equation 12) and the EMCIC form557

(Equation 15), respectively. In performing the EMCICs fit,558

the non-femtoscopic parameters M1−4 were kept fixed at the559

values listed in Table IV.560

The one-dimensional radii from the three different treat-561

ments of non-femtoscopic effects are plotted as a function of562

mT in Figure 7. The magnitude of the radius using the ad-hoc563

δ−q fit is ∼ 25% larger than that from either the standard or564

EMCIC fit, but again all show similar dependence on mT .565
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FIG. 7: (Color online) The mT -dependence of Rinv from p+ p col-
lisions at

√
s=200 GeV for different parameterizations of the non-

femtoscopic correlations used in the fit procedure.

kT [GeV/c] Rinv [fm] λ

[0.15,0.25] 1.32±0.02 0.345±0.005
[0.25,0.35] 1.26±0.02 0.357±0.007
[0.35,0.45] 1.18±0.02 0.348±0.008
[0.45,0.60] 1.05±0.03 0.413±0.012

TABLE V: Fit results from a fit to 1D correlation function from
p+ p collisions at

√
s= 200 GeV using Eq. 6 to parameterize the

femtoscopic correlations (“standard fit”).

In order to compare with the multiplicity dependence of566

kT -integrated HBT radii reported in high energy particle col-567

lisions, we combine kT bins and separately analyze low568

(dNch/dη ≤ 6) and high (dNch/dη ≥ 7) multiplicity events.569

Fit parameters for common fitting functions are given in Ta-570

ble VIII, for minimum-bias and multiplicity-selected colli-571
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kT [GeV/c] Rinv [fm] λ δ

[0.15,0.25] 1.72±0.04 0.285±0.007 0.237±0.007
[0.25,0.35] 1.65±0.04 0.339±0.009 0.163±0.008
[0.35,0.45] 1.49±0.05 0.308±0.011 0.180±0.015
[0.45,0.60] 1.41±0.06 0.338±0.016 0.228±0.017

TABLE VI: Fit results from a fit to 1D correlation function from
p+ p collisions at

√
s= 200 GeV using Eq. 6 to parameterize the

femtoscopic correlations and Eq. 12 for non-femtoscopic ones (“δ−
q fit”).

kT [GeV/c] Rinv [fm] λ

[0.15,0.25] 1.38±0.03 0.347±0.005
[0.25,0.35] 1.32±0.03 0.354±0.006
[0.35,0.45] 1.23±0.04 0.349±0.009
[0.45,0.60] 1.14±0.05 0.411±0.013

TABLE VII: Fit results from a fit to 1D correlation function from
p+ p collisions at

√
s= 200 GeV using Eq. 6 to parameterize the

femtoscopic correlations and Eq. 15 for non-femtoscopic ones (“EM-
CICs fit”). The non-femtoscopic parameters M1−4 were not varied,
but kept fixed to the values in Table IV.

sions.572

Figure 8 shows the multiplicity dependence of the common573

one-dimensional HBT radius Rinv,extracted by parameteriz-574

ing the femtoscopic correlations according to Equation 10.575

Non-femtoscopic effects were either ignored (“standard fit”576

Ω = 1) or parameterized with the “δ− q” (Eq. 12) or EM-577

CIC (Eq. 15) functional form. In order to keep the parame-578

ter count down, the EMCIC, the kinematic parameters (〈p2
T 〉,579

〈p2
z 〉, 〈E2〉, 〈E〉) were kept fixed to the values obtained from580

the 3-dimensional fit, and only N was allowed to vary. In all581

cases, Rinv is observed to increase with multiplicity. Param-582

eterizing non-femtoscopic effects according to the EMCIC583

form gives similar results as a “standard” fit ignoring them,584

whereas the “δ−q” form generates a ∼ 0.3-fm offset, similar585

to all three- and one-dimensional fits discussed above.586

Table IX lists fit parameters to two-dimensional correlation587

functions in qT and q0, using Equations 8 and 7. The radius588

from the former fit is approximately twice that of the latter, as589

expected (c.f. Sec. II A). These values will be compared with590

previously measured data in the next section.591

V. COMPARISON WITH WORLD SYSTEMATICS592

In this section, we make the connection between femto-593

scopic measurements in heavy ion collisions and those in par-594

ticle physics, by placing our results in the context of world595

systematics from each.596

A. Results in the Context of Heavy Ion Systematics597

The present measurement represents the first opportunity to598

study femtoscopic correlations from hadronic collisions and599
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FIG. 8: (Color online) The multiplicity dependence of Rinv from
p+ p collisions at

√
s=200 GeV for different parameterizations of

the non-femtoscopic correlations. The particles within the range of
kT = [0.15,0.60] GeV/c were used in the analysis.

heavy ion collisions, using the same detector, reconstruction,600

analysis and fitting techniques. The comparison should be di-601

rect, and differences in the extracted HBT radii should arise602

from differences in the source geometry itself. In fact, espe-603

cially in recent years, the heavy ion community has generally604

arrived at a consensus among the different experiments, as far605

as analysis techniques, fitting functions and reference frames606

to use. This, together with good documentation of event se-607

lection and acceptance cuts, has led to a quantitatively consis-608

tent world systematics of femtoscopic measurements in heavy609

ion collisions over two orders of magnitude in collision en-610

ergy [11]; indeed, at RHIC, the agreement in HBT radii from611

the different experiments is remarkably good. Thus, inas-612

much as STAR’s measurement of HBT radii from p+ p colli-613

sions may be directly compared with STAR’s HBT radii from614

Au+Au collisions, they may be equally well compared to the615

world’s systematics of all heavy ion collisions.616

As with most heavy ion observables in the soft sector [53],617

the HBT radii Rs and Rl scale primarily with event multiplic-618

ity [11] (or, at lower energies, with the number of particles of619

different species [54, 55]) rather than energy or impact param-620

eter. The radius Ro, which nontrivially combines space and621

time, shows a less clear scaling [11], retaining some energy622

dependence. As seen in Figure 9, the radii from p+ p col-623

lisions at
√

s=200 GeV fall naturally in line with this multi-624

plicity scaling. On the scale relevant for this comparison, the625

specific treatment of non-femtoscopic correlations is unim-626

portant.627

One of the most important systematics in heavy ion fem-628

toscopy is the mT -dependence of HBT radii, which di-629

rectly measures space-momentum correlations in the emit-630

ting source at freeze-out; in these large systems, the mT -631

dependence is often attributed to collective flow [6]. As we632

saw in Figure 6, a significant dependence is seen also for633
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method fit parameter 〈dNch/dη〉
4.25 (min-bias) 3.47 8.75

standard fit Rinv 1.21±0.01 1.09±0.02 1.34±0.02
λ 0.353±0.003 0.347±0.04 0.356±0.03

δ−q fit
Rinv 1.61±0.01 1.50±0.03 1.76±0.03

λ 0.312±0.003 0.275±0.005 0.322±0.007
δQinv −0.191±0.003 −0.242±0.005 −0.194±0.006

EMCIC fit Rinv 1.32±0.02 1.22±0.03 1.46±0.02
λ 0.481±0.003 0.485±0.003 0.504±0.004
N 14.3±4.7 11.8±7.1 26.3±8.4

TABLE VIII: Multiplicity dependence of fit results to 1D correlation function from p+ p collisions at
√

s= 200 GeV for different fit parame-
terizations.

method fit parameter 〈dNch/dη〉
4.25 (min-bias) 3.47 8.75

Eq. 7 RB 1.79±0.01 1.61±0.02 1.92±0.02
τ 1.03±0.02 0.98±0.02 1.24±0.03
λ 0.353±0.003 0.354±0.003 0.334±0.004

Eq. 8 RG 1.01±0.01 0.89±0.01 1.07±0.01
τ 0.76±0.01 0.73±0.02 0.91±0.02
λ 0.353±0.003 0.352±0.003 0.332±0.004

TABLE IX: Multiplicity dependence of fit parameters to two-dimensional correlation functions from p+ p collisions at
√

s= 200 GeV using
Equations 7 and 8.

p+ p collisions. Several authors [e.g. 18, 29, 30, 34, 56]634

have remarked on the qualitative “similarity” of the mT -635

dependence of HBT radii measured in high energy particle636

collisions, but the first direct comparison is shown in Fig-637

ure 10. There, the ratios of the three dimensional radii in638

Au+Au collisions to p+p radii obtained with different treat-639

ments of the non-femtoscopic correlations, are plotted versus640

mT . Well beyond qualitative similarity, the ratios are remark-641

ably flat– i.e. the mT -dependence in p+ p collisions is quanti-642

tatively almost identical to that in Au+Au collisions at RHIC.643

We speculate on the possible meaning of this in Section V B.644

B. Results in the context of high-energy particle measurements645

Recently, a review of the femtoscopic results [20] from par-646

ticle collisions like p+ p , p+ p̄ and e+ + e− studied at dif-647

ferent energies has been published. Here, we compare STAR648

results from p+ p collisions at
√

s=200 GeV with world sys-649

tematics.650

Figures 11 and 12 compare the multiplicity dependence651

STAR’s one- and two-dimensional fit parameters to hadronic652

collision data collected in [20]. While any trend in the life-653

time parameter τ is not obvious, radii from each experiment654

increase with multiplicity. However, in contrast to the “univer-655

sal” scaling observed in heavy ion collisions (c.f. Figure 9),656

any such scaling is much more approximate, here.657

There are several possible reasons for this [20]. Clearly658

one possibility is that there is no universal multiplicity de-659

pendence of the femtoscopic scales; the underlying physics660

driving the space-time freezeout geometry may be quite dif-661

ferent, considering
√

s varies from 44 to 1800 GeV in the662

plot. However, even if there were an underlying universal-663

ity between these systems, it is not at all clear that it would664

appear in this figure, due to various difficulties in tabulating665

historical data [20]. Firstly, as discussed in Section II the ex-666

periments used different fitting functions to extract the HBT667

radii, making direct comparison between them difficult. Sec-668

ondly, as we have shown, the radii depend on both multiplicity669

and kT . Since, for statistical reasons, the results in Figure 9670

are integrated over the acceptance of each experiment, and671

these acceptances differ strongly, any universal scaling would672

be obscured. For example, since the acceptance of Tevatron673

experiment E735 [34] is weighted towards higher kT than the674

other measurements, one expects a systematically lower HBT675

radius, at a given multiplicity. Indeed, even the “universal”676

multiplicity scaling in heavy ion collisions is only universal677

for a fixed selection in kT . Thirdly, these experiments did not678

follow a standard method of measuring and reporting multi-679

plicity; thus the determination of 〈dNch/dη〉 for any given680

experiment shown in Figure 9 is only approximate.681

From the discussion above, we cannot conclude definitively682

that there is– or is not– a universal multiplicity scaling of fem-683

toscopic radii in high energy hadron-hadron collisions. We684

conclude only that an increase of these radii with multiplicity685

is observed in all measurements for which
√

s & 40 GeV and686

that the present analysis of p+ p collisions is consistent with687

world systematics.688
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FIG. 9: (Color online) The multiplicity dependence of the HBT radii
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In Section IV, we discussed the pT -dependence of HBT689

radii observed in our analysis. Previous experiments on690
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FIG. 11: (Color online) The multiplicity dependence of the 1D fem-
toscopic radius Rinv from hadronic collisions measured by STAR,
E735 [34], and ABCDHW [57] collaborations.
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FIG. 12: (Color online) The multiplicity dependence of radius and
timescale parameters to 2-dimensional correlation functions mea-
sured by STAR, E735 [34], UA1 [58], AFS [59] and NA5 [60]. The
UA1 Collaboration set τ ≡ 0 in their fits.

high-energy collisions between hadrons– and even leptons–691

have reported similar trends. As discussed above, direct692

comparisons with historical high-energy measurements are693

problematic. Nevertheless, good qualitative and even semi-694

quantitative agreement between fit parameters to 1- and 2-695

dimensional correlation functions is seen in Figures 13 and 14696

Indeed, the consistency between the data is impressive, con-697

sidering that the SPS [29, 40] collisions took place at an order698
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of magnitude lower in
√

s, while the Tevatron data [34] was699

taken at an order of magnitude higher
√

s.700

Systematics in 3-dimensional HBT radii from hadron col-701

lisions are less clear and less abundant, though our measure-702

ments are again qualitatively similar to those reported at the703

SPS, as shown in Figure 15. There, we also plot recent results704

from e+− e− collisions at LEP; in those 3-dimensional anal-705

yses, the “lonngitudinal” direction is the thrust axis, whereas706

the beam axis is used in hadron-hadron collisions, as in heavy707

ion collisions.708
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FIG. 15: (Color online) The transverse mass dependence of 3D
femtoscopic radii from elementary particle collisions. Data from
NA22 [29], NA49 preliminary [61], OPAL [30], L3 [39], DEL-
PHI [62].

VI. DISCUSSION709

We have seen that HBT radii from p+ p collisions at RHIC710

are qualitatively consistent with the trends observed in parti-711

cle collisions over a variety of collision energies. Further, they712

fall quantitatively into the much better-defined world system-713

atics for heavy ion collisions at RHIC and similar energies.714

Particularly intriguing is the nearly identical dependence on715

mT of the HBT radii in p+ p and heavy ion collisions, as this716

dependence is supposed [23, 63] to reflect the underlying dy-717

namics of the latter. Several possible sources of an mT depen-718

dence of HBT radii in small systems have been put forward to719

explain previous measurements.720

1. Alexander et al. [64, 65] have suggested that the Heisen-721

berg uncertainty principle can produce the transverse momen-722

tum dependence of femtoscopic radii in e+ + e− collisions.723

However, as discussed in [20], a more detailed study of the724

results from e+ + e− collisions complicates the quantitative725

comparisons of the data from various experiments and thus the726

interpretation. Additionally, Alexander’s explanation applies727

only to the longitudinal direction (Rl), so could not explain the728

dependence of all three radii.729

2. In principle, string fragmentation should also gener-730

ate space-momentum correlations in small systems, hence an731

mT dependence of the HBT radii. However, there are al-732

most no quantitative predictions that can be compared with733

data. The numerical implementation PYTHIA, which incorpo-734

rates the Lund string model into the soft sector dynamics, im-735

plements HBT only as a crude parameterization designed to736

mock up the effect [c.f. Section 12.4.3 of 66] for the purpose737
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of estimating distortions to W -boson invariant mass spectrum.738

Any Bose-Einstein correlation function may be dialed into the739

model, with 13 parameters to set the HBT radius, lambda740

parameter, and correlation shape; there is no first-principles741

predictive power. On more general grounds, the mass depen-742

dence of the femtoscopic radii cannot be explained within a743

Lund string model [67–69].744

3. Long-lived resonances may also generate the space-745

momentum dependence of femtoscopic radii [70]. How-746

ever, as discussed in [20], the resonances would affect the747

HBT radii from p+ p collisions differently than those from748

Au+Au collisions, since the scale of the resonance “halo” is749

fixed by resonannce lifetimes while the scale of the “core” is750

different for the two cases. Thus it would have to be a co-751

incidence that the same mT dependence is observed in both752

systems. Nevertheless, this avenue should be explored further.753

4. Białas et al. have introduced a model [67] based on a di-754

rect proportionality between the four-momentum and space-755

time freeze-out position; this model successfully described756

data from e+ + e− collisions. The physical scenario is based757

on freezeout of particles emitted from a common tube, after758

a fixed time of 1.5 fm/c. With a very similar model, Hu-759

manic [71] was unable to reproduce HBT radii measured at760

the Tevatron [34] without strong additional hadronic rescat-761

tering effects. With rescattering in the final state, both the762

multiplicity- and the mT -dependence of the radii were repro-763

duced [71].764

5. It has been suggested [18, 29, 30, 34, 72] that the pT -765

dependence of HBT radii in very small systems might reflect766

bulk collective flow, as it is believed to do in heavy ion colli-767

sions. This is the only explanation that would automatically768

account for the nearly identical pT -scaling discussed in Sec-769

tion V A. However, it is widely believed that the system cre-770

ated in p+ p collisions is too small to generate bulk flow.771

The remarkable similarity between the femtoscopic system-772

atics in heavy ion and hadron collisions may well be coinci-773

dental. Given the importance of the mT -dependence of HBT774

radii in heavy ion collisions, and the unclear origin of this775

dependence in hadron collisions, further theoretical investiga-776

tion is clearly called for. Additional comparative studies of777

other soft-sector observables (e.g. spectra) may shed further778

light onto this coincidence.779

VII. SUMMARY780

We have presented a systematic femtoscopic analysis of781

two-pion correlation functions from p+p collisions at RHIC.782

In addition to femtoscopic effects, the data show correlations783

due to energy and momentum conservation. Such effects have784

been observed previously in low-multiplicity measurements at785

Tevatron, SPS, and elsewhere. In order to compare to histor-786

ical data and to identify systematic effects on the HBT radii,787

we have treated these effects with a variety of empirical and788

physically-motivated formulations. While the overall magni-789

tude of the geometric scales vary with the method, the impor-790

tant systematics do not.791

In particular, we observe a significant positive correlation792

between the one- and three-dimensional radii and the multi-793

plicity of the collision, while the radii decrease with increas-794

ing transverse momentum. Qualitatively, similar multiplicity795

and momentum systematics have been observed previously in796

measurements of hadron and electron collisions at the SppS,797

Tevatron, ISR and LEP. However, the results from these ex-798

periments could not be directly compared to those from heavy799

ion collisions, due to differences in techniques, fitting meth-800

ods, and acceptance.801

Thus, the results presented here provide a unique possibility802

for a direct comparison of femtoscopy in p+p and A+A colli-803

sions. We have seen very similar pT and multiplicity scaling804

of the femtoscopic scales in p+p as in A+A collisions, inde-805

pendent of the fitting method employed. Given the impor-806

tance of femtoscopic systematics in understanding the bulk807

sector in Au+Au collisions, further exploration of the physics808

behind the same scalings in p+ p collisions is clearly impor-809

tant, to understand our “reference” system. The similarities810

observed could indicate a deep connection of the underlying811

bulk physics driving systems much larger than– and on the or-812

der of– the confinement scale. Similar comparisons will be813

possible at the Large Hadron Collider, where the higher col-814

lision energies will render conservation laws less important,815

especially for selections on the very highest-multiplicity col-816

lisions.817
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