
UPDATE ON THE LÉVY -HBT ANALYSIS

D á n i e l  K i n c s e s

8 t h  J u n e 2 0 2 3

S T A R  C o r r e l a t i o n s  a n d  F l u c t u a t i o n s P W G  M e e t i n g



Lévy HBT analysis at STAR, Au+Au @ 200 GeV
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• Run-16: Issues with HFT, primary/global differences, decided to switch to Run-11
• Run-11 analysis: 

vpd-zdc-mb-protected, 
350003, 350013, 350023, 350033, 350043

• After trigger cuts and bad run cuts: 550M events

• Event cuts:

• 𝒗𝒛
𝑻𝑷𝑪 − 𝒗𝒛

𝒗𝒑𝒅
< 𝟑 cm; 𝒗𝒛

𝑻𝑷𝑪 < 𝟐𝟓 cm; 𝒗𝒛
𝒗𝒑𝒅

< 𝟐𝟓 cm; 𝒗𝒓
𝑻𝑷𝑪 < 𝟐 cm

• Pile-up cut: 3 REFmult-75 < TOFmult < 5 REFmult+75

• After event cuts and 20-40% centrality selection: 110M events
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Analysis cuts
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• Track cuts:
• Using only primary tracks
• 0.15 GeV/c < 𝑝𝑇 < 1.5 GeV/c
• |𝜂| < 0.75
• NhitsFit > 20
• NHitsFit/NHitsPoss > 0.55
• DCA < 1.5 cm

• TOF N𝜎 PID based on

• If btofMatchFlag = 1, combined PID:

• Good separation even at highest mom., no veto cut needed

• If no TOF info, use TPC PID: 𝑁𝜎𝑇𝑃𝐶,𝜋 < 2,𝑁𝜎𝑇𝑃𝐶,𝐾,𝑝,𝑒 > 2

• Pair cuts: SL < 0.6, FMH = 0
MaxDuInner = 1.8 cm, MaxDuOuter = 2.4 cm, MaxDzInner = 5.5 cm, MaxDzOuter = 5.7 cm, Dr > 4 cm
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𝑑𝑡𝜋,𝐾,𝑝 = 𝑡 1 − 𝛽 1 + 𝑚𝜋,𝐾,𝑝
2 /𝑝2

𝑁𝜎𝑇𝑂𝐹,𝜋
2 + 𝑁𝜎𝑇𝑃𝐶,𝜋

2 < 2.5
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Fitting of the correlation functions
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• 1D two-pion corr. functions
• 21 kT bins, 

0.175 GeV/c to 0.750 GeV/c
• Iterative fitting method, 

incorporates Coulomb FSI
and Lévy-source assumption

• Fits converged and have
conf.level > 0.001 in all kT bins

DÁNIEL KINCSES 06/08/2023

𝜋 𝐾
𝑝

𝑒



Systematic uncertainty investigations
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• Systematic uncertainties already investigated:
• Pair cut variations
• PID with TOF-dEdx combined, TOF only, dEdx only
• PID Nsigma variations
• Rapidity cut variations
• Nhits cut variations
• DCA cut variations

• Systematic uncertainties to be investigated:
• Fit limit variations
• Effect of strong interaction
• Separating charges (pi+pi+, pi-pi- separately)
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𝒎𝑻 dependence of the extracted source parameters
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• Correlation strength lambda: low-mT decrease, high-mT saturation
• Lévy-scale R: usual decreasing trend with mT
• Lévy exponent alpha: very small dependence on mT, as expected
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Homework – compare corr.func. to published
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• Phys.Rev.C 92 (2015) 1, 014904 – no corr.func. in the paper, however,
there is an example in the appendix of Chris Anson’s thesis

• Not every setting and cut was detailed in the text, but still good agreement
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https://etd.ohiolink.edu/apexprod/rws_olink/r/1501/10?clear=10&p10_accession_num=osu1387753475


Summary
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• One-dimensional two-pion correlation functions investigated

• Fits with Lévy-source assumption + Coulomb FSI provide good description

• Systematic uncertainty investigations underway

• Next steps: 

• Writing a detailed analysis note (in progress)
• More systematic uncertainty sources investigated (in progress)
• More centrality ranges investigated (in progress)
• Repeating the same analysis for kaons

• Reporting more details soon!
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Further detai ls ,  backup sl ides
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Properties of univariate stable distributions

• Univariate stable distribution: 𝑓 𝑥 =
1

2𝜋
∞−
∞
𝜑 𝑞 𝑒−𝑖𝑥𝑞𝑑𝑞 , where the characteristic function: 

• 𝜑 𝑞; 𝛼, 𝛽, 𝑅, 𝜇 = exp 𝑖𝑞𝜇 − 𝑞𝑅ȁ𝛼 1 − 𝑖𝛽sgn 𝑞 Φ

• 𝛼: index of stability

• 𝛽: skewness, symmetric if 𝛽 = 0

• 𝑅: scale parameter

• 𝜇: location, equals the median,

if 𝛼 > 1: 𝜇 = mean

• Important characteristics of stable distributions:

• Retains same 𝛼 and 𝛽 under convolution of random variables

• Any moment greater than 𝛼 isn’t defined

Φ =
tan

𝜋𝛼

2
, 𝛼 ≠ 1

−
2

𝜋
log 𝑞 , 𝛼 = 1

Gaussian distribution Lévy-stable distribution

In 3D:
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Lévy-type sources in heavy-ion collisions

• Anomalous diffusion

• Elastic rescattering of hadrons

• Expanding hadron gas→ time dependent increasing mean free path

• Hadronic Resonance Cascade (HRC) model

• α depends on total inelastic cross-section

• α𝜋
𝐻𝑅𝐶 >α𝐾

𝐻𝑅𝐶 (smaller c.s. → larger m.f.p.)

• Kaon vs. pion measurements can test the anom.diff. Picture

• Motivation for Lévy femtoscopy with kaons!

Csanád, Csörgő, Nagy, 
Braz.J.Phys. 37 (2007) 1002; 

T. J. Humanic, Int. J. Mod. Phys. E 15, 197 (2006)
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Second order phase transition?

• Second order phase transitions: critical exponents
• Near the critical point

• Specific heat ~ (𝑇 − 𝑇𝑐)/𝑇𝑐
−𝛼

• Order parameter ~ (𝑇 − 𝑇𝑐)/𝑇𝑐
−𝛽

• Susceptibility/compressibility ~ (𝑇 − 𝑇𝑐)/𝑇𝑐
−𝛾

• Correlation length ~ (𝑇 − 𝑇𝑐)/𝑇𝑐
−𝜈

• At the critical point

• Order parameter ~ (source field)1/𝛿

• Spatial correlation function ~ 𝑟−𝑑+2−𝜂

• Ginzburg-Landau: 𝛼 = 0, 𝛽 = 0.5, 𝛾 = 1, 𝜂 = 0.5, 𝛿 = 3, 𝜂 = 0
• QCD ↔ 3D Ising model
• Can we measure the 𝜂 power-law exponent?
• Depends on spatial distribution: measurable with femtoscopy!
• What distribution has a power-law exponent? Levy-stable distribution!
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Lévy index as critical exponent?

• Critical spatial correlation: ~ 𝑟− 𝑑−2+𝜂 ;

Lévy source: ~ 𝑟− 1+𝛼 ; 𝜶 ⇔ 𝜼?

Csörgő, Hegyi, Zajc, Eur.Phys.J. C36 (2004) 67

• QCD universality class ↔ 3D Ising

Halasz et al., Phys.Rev.D58 (1998) 096007

Stephanov et al., Phys.Rev.Lett.81 (1998) 4816

• At the critical point:

• Random field 3D Ising: 𝜂 = 0.50 ± 0.05

Rieger, Phys.Rev.B52 (1995) 6659

• 3D Ising: η = 0.03631(3)

El-Showk et al., J.Stat.Phys.157 (4-5): 869

• Motivation for precise Lévy HBT!

• Change in 𝜶𝑳𝒆𝒗𝒚 - proximity of CEP?

(𝑇 − 𝑇𝑐)/𝑇𝑐

Lé
vy
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• Modulo finite size/time and non-equilibrium 
effects

• Other possible reasons for Lévy distributions: 
anomalous diffusion, QCD jets, …
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Kinematic variables of the correlation function I.

• Smoothness approximation (𝑝1 ≈ 𝑝2 ≈ 𝐾): 𝑆(𝑥1, 𝐾 − 𝑞/2) 𝑆(𝑥2, 𝐾 + 𝑞/2) ≈ 𝑆(𝑥1, 𝐾) 𝑆(𝑥2, 𝐾)

• 𝐶2 𝑞, 𝐾 =  𝑑4𝑟𝐷 𝑟, 𝐾 𝜓𝑞
2
r

2

• Without any FSI 𝜓𝑞
2
r

2
= 1 + cos(qr)

• HBT correlation function in direct connection with Fourier transform of the pair-source function

• Important to determine the nature and dimensionality of the correlation function

• Lorentz-product of 𝑞 = (𝑞0, 𝒒) and 𝐾 = (𝐾0, 𝑲) is zero, i.e.: 𝑞𝐾 = 𝑞0𝐾0 − 𝒒𝑲 = 0

• Energy component of 𝑞 can be expressed as 𝑞0 = 𝒒
𝑲

𝐾0

• If the energy of the particles are similar, 𝐾 is approximately on shell

• Correlation function can be measured as a function of three-momentum variables

𝐶2
(0)

𝑞, 𝐾 ≃ 1 +
෩𝐷 𝑞,𝐾

෩𝐷 0,𝐾
, where ෩𝐷 𝑞, 𝐾 =  𝐷 𝑥, 𝐾 𝑒𝑖𝑞𝑥𝑑4𝑥
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Kinematic variables of the correlation function II.

• 𝐶2 𝒒,𝑲 as a function of three-momentum variables

• 𝑲 dependence is smoother, 𝒒 is the main kinematic variable

• Close to mid-rapidity one can use 𝑘𝑇 = 𝐾𝑥
2 + 𝐾𝑦

2, or 𝑚𝑇 = 𝑘𝑇
2 +𝑚2

• For any fixed value of 𝑚𝑇, the correlation function can be measured as a function of 𝒒 only

• Usual decomposition: out-side-long or Bertsch-Pratt (BP) coordinate-system

• 𝒒 ≡ (𝑞𝑜𝑢𝑡, 𝑞𝑠𝑖𝑑𝑒 , 𝑞𝑙𝑜𝑛𝑔)

• long: beam direction
• out: 𝑘𝑇 direction
• side: orthogonal to the others
• Essentially a rotation in the transverse plane

• Customary to use a Lorentz-boost in the long directon
and change to the Longitudnal Co-Moving System (LCMS) 
where the average longitudinal momentum of the pair is zero

o
u

t
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Kinematic variables of the correlation function III.

• Drawback of a 3D measurement: lack of statistics, difficulties of a precise shape analysis

• What is the appropriate one-dimensional variable?

• Lorentz-invariant relative momentum:

• Equivalent to three-mom. diff. in Pair Co-Moving System (PCMS), where 𝐸1 = 𝐸2:

• In LCMS using BP variables:

• Value of 𝒒𝒊𝒏𝒗 can be relatively small even when 𝒒𝒐𝒖𝒕 is large!

• Experimental indications: in LCMS source is ≈ spherically symmetric

• Correlation function boosted to PCMS will not be spherically symmetric

• Let us introduce the following variable invariant to Lorentz boosts in the beam direction:
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Kinematic variables of the correlation function IV.

• Nature of the 1D variable in experiment: check correlation function in two dimensions!

𝒒𝒊𝒏𝒗 dep. corr.func.𝑄 dep. corr.func.
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Kinematic variables of the correlation function V.

• Nature of the 1D variable in experiment: check correlation function in two dimensions!

𝑄 = 𝒒𝐿𝐶𝑀𝑆 = 𝑝1𝑥 − 𝑝2𝑥
2 + 𝑝1𝑦 − 𝑝2𝑦

2
+ 𝑞𝑙𝑜𝑛𝑔,𝐿𝐶𝑀𝑆

2
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Kinematic variables of the correlation function VI.

• Correlation function measured in LCMS, Coulomb effect calculated in PCMS

• Approximation:

• (Note 𝑚𝑇 < 𝑚

not physical of course)

𝑅PCMS ≈ 𝑅LCMS ⋅
1 − 2𝛽𝑇

2/3

1 − 𝛽𝑇
2𝑞inv ≡ 𝑞PCMS ≈ 𝑞LCMS ⋅ 1 − 𝛽𝑇

2/3
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Coulomb correction and fitting of the corr. function

• Core-Halo model, Bowler-Sinyukov method:

• Neglecting FSI and using a Lévy-stable source function:

• Using numerical integral calculation as fit function results in numerically fluctuating 𝝌𝟐 landscape

• Treat FSI as correction factor:

• An iterative method can be used:

• Procedure continued until

• Iterations usually converge within 2-3 rounds, fit parameters can be reliably extracted
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Coulomb correction and fitting of the corr. function

• Lévy-type correlation function without final state effects: 𝐶(0) 𝑄 = 1 + 𝜆 ⋅ 𝑒−ȁ𝑅𝑄ȁ
𝛼

• Sinyukov method:

𝐶 𝑄LCMS; 𝜆, 𝑅𝐿𝐶𝑀𝑆, 𝛼 = 1 − 𝜆 + 𝜆 ⋅ 𝐾 𝑞𝑖𝑛𝑣; 𝛼, 𝑅PCMS ⋅ (1 + 𝑒− 𝑅LCMS𝑄LCMS
𝛼
) ⋅ 𝑁 ⋅ (1 + 𝜀𝑄LCMS)

• Coulomb-correction calculated numerically (in PCMS)

Intercept parameter
(correlation strength)

Lévy scale parameter

Lévy exponent

Possible linear
background
(usually negligible)

Coulomb correction

𝑅PCMS ≈ 𝑅LCMS ⋅
1 − 2𝛽𝑇

2/3

1 − 𝛽𝑇
2𝑞inv ≡ 𝑞PCMS ≈ 𝑞LCMS ⋅ 1 − 𝛽𝑇

2/3
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Shape of the correlation function

𝜶 dependence
𝑹 = 5 fm, 𝝀 = 0.8

𝜶 = 0.5 – 2.0

𝑹 dependence
𝝀 = 0.8, 𝜶 = 1.1

𝑹 = 3 fm – 13 fm

𝝀 dependence
𝑹 = 5 fm, 𝜶 = 1.1

𝝀 = 0.2 – 0.8

𝐶2 𝑄 = 1 − 𝜆 + 𝜆 ⋅ 𝐾 𝑄; 𝛼, 𝑅 ⋅ 1 + 𝑒− 𝑅𝑄 𝛼
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